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Abstract
We prove, among others, the following theorems:
(I) If X is a T3 space with no free sequence of length λ and (λ,λ, κ) is a caliber of X then
d(X) µ<λ for some cardinal µ< κ .
(II) If X is T3 and X =
⋃C with |C| < κ and C is compact with no free sequences of length µ
for each C ∈ C, moreover (µ,κ) is a caliber of X then d(X) < κ .
(III) If X is T3 and X =
⋃C with |C|  κ and C is compact with no free sequences of length κ
for every C ∈ C, moreover κ is a caliber of X then d(X) < κ .
These results provide strenthenings and generalizations of some results of Šapirovskiı˘ [Ucˇ. Zap.
Riga Univ. 3 (1976) 88–89] and of Arhangelskiı˘ [Topology Appl. 104 (2000) 13–16], respectively.
 2002 Elsevier Science B.V. All rights reserved.
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0. Introduction
All spaces considered in this paper are assumed to be T3. Notation follows that of [2].
Let us start by recalling that a cardinal κ is said to be a caliber of a space X (in symbols:
κ ∈ Cal(X)) if among any κ open subsets of X there are always κ many with non-empty
intersection. Obviously, if cf(κ) > d(X) holds then κ ∈ Cal(X), however, as was shown by
Šanin in [5], the converse of this statement is false, e.g., because the property “κ ∈ Cal(X)”
is fully productive. Therefore, it is of some interest to find additional conditions on X such
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that they ensure the truth of the converse or at least provide some upper bound for the
density d(X) of X.
As an example we may mention Šapirovskiı˘’s theorem that for a compact space X and
a regular cardinal κ we have d(X) < κ (in fact even π(X) < κ) provided that κ ∈ Cal(X)
and t (X) < κ (see [4] or [2, 3.25]), or the recent result of Arhangelskiı˘ from [1] saying that
if X is Lindelöf with T (X) = ω and ω1 ∈ Cal(X) then d(X)  2ω. (Recall from [3] that
T (X) is defined as the smallest cardinal κ such that whenever {Fα : α ∈ } is an increasing
sequence of closed subsets of X with = cf() > κ then ⋃{Fα : α ∈ } is closed as well.)
Now, it is well known that t (X) = T (X) = F(X) for a compact space X, where F(X)
denotes the supremum of the sizes of all free sequences in X, moreover it is easy to show
that F(X)= ω if X is Lindelöf and T (X)= ω. Hence in both results mentioned above we
consider spaces in which limitations for the sizes of their free sequences are given. Our
aim in this paper is to show that this is the crucial assumption together with the caliber
assumption.
In addition to the notation F(X) (following [2, 1.22]) we shall also make use of the
notation F̂ (X) that is defined as the smallest cardinal such that X has no free sequence of
that size. Thus F̂ (X)  means that X contains no free sequence of size (or length) .
We shall also consider modifications of the notion of caliber to pairs and triples of
cardinals. If λ  κ then the pair (λ, κ) is said to be a (pair) caliber of the space X (and
this will be denoted by (λ, κ) ∈ Cal2(X)) if among any κ open subsets of X there are
always λ many with non-empty intersection. Also, if µ  λ  κ then the triple (µ,λ, κ)
is said to be a (triple) caliber of X (in symbols: (µ,λ, κ) ∈ Cal3(X)) provided that among
any κ open sets in X we can always find a collection of size λ such that any subcollection
of this of size <µ has non-empty intersection.
Clearly, if λ ∈ Cal(X) then (λ, κ) ∈ Cal2(X) for all κ  λ, moreover (λ, κ) ∈ Cal2(X)
implies (λ,λ, κ) ∈ Cal3(X).
We conclude the Introduction with the following simple result connecting the density
with calibers.
Lemma 0.1. Let X be a space with T (X) < d(X)=  = cf(). Then  /∈ Cal(X).
Proof. Clearly, the assumptions imply that we can writeX in the formX =⋃{Kα : α ∈ },
where each Kα is closed and Kβ Kα if β < α < . Then the family {X\Kα : α ∈ } of
open subsets of X witnesses that  /∈ Cal(X). ✷
1. X has no “long” free sequences
The main result of this section was directly motivated by [1, Theorem 5.1].
Theorem 1.1. Assume that for the space X and the infinite cardinals λ κ we have both
F̂ (X) λ and (λ,λ, κ) ∈ Cal3(X). Then there is a cardinal µ< κ such that d(X) µ<λ.
Proof. Assume, indirectly, that d(X) > µ<λ for all cardinals µ< κ .
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Let us fix a choice function ϕ on P(X)\{∅} and then define for α < κ subsets Yα ⊂ X
with |Yα| |α|<λ and open sets Uα in X as follows:
Set Y0 = ∅. If Yα satisfying |Yα|  |α|<λ has been chosen then, by the indirect
assumption, Yα is not dense in X hence, as X is T3, we can choose a non-empty open
set Uα in X such that 
Yα ∩ 
Uα = ∅.
Next, let Hα denote the family of all those subcollections U ⊂ {Uβ : β  α} for which
we have both |U |< λ and ⋂U = ∅, and then put
Yα+1 = Yα ∪
{
ϕ
(⋂U): U ∈Hα}.
Clearly, we have |Yα+1| |Yα| + |Hα| |α|<λ + |α+ 1|<λ = |α+ 1|<λ.
If α is limit and Yβ has been defined for all β < α such that |Yβ | |β|<λ, we simply set
Yα =⋃{Yβ : β ∈ α}; then we clearly have |Yα| |α|<λ as well.
Applying (λ,λ, κ) ∈ Cal3(X) to the family {Uα: α ∈ κ} we can find a set I ∈ [κ]λ of
order type tp(I)= λ such that for every α ∈ I we have⋂{
Uβ : β ∈ (α + 1)∩ I
} = ∅.
Then the point ϕ(
⋂{Uβ : β ∈ (α + 1) ∩ I }) = yα is well-defined and yα ∈ Yα+1 by our
construction. Clearly, this implies that {yβ : β ∈ α ∩ I } ⊂ Yα whenever α ∈ I , moreover
yγ ∈ Uα if γ ∈ I and γ  α, by definition of yγ . Consequently we have
{yβ : β ∈ α ∩ I } ∩ {yγ : γ ∈ I\α} = ∅,
because 
Yα ∩ 
Uα = ∅, and thus {yα: α ∈ I } is a free sequence in X of size λ, contradicting
that F̂ (X) λ. ✷
It is instructive to isolate the following particular instance of our theorem: λ = +
and κ = (2)+ for some fixed cardinal . In this case for every cardinal µ < κ we have
µ<λ  (2) = 2 and thus we obtain the following result.
Corollary 1.2. If F(X)  and (+, +, (2)+) ∈ Cal3(X) then d(X) 2 .
For = ω this is clearly a strengthening of [1, Theorem 5.1]. As we have pointed out in
the introduction, the assumption there, namely T (X) = ω together with the Lindelöfness
of X, is really only needed to obtain F(X)= ω. Ironically, as it turns out, the assumption
T (X)= ω may be used to get further improvements on the bound for the density, at least
under some extra assumptions on calibers and cardinal exponentiation.
Theorem 1.3. Assume 2 = (+n) for some n < ω, moreover F(X)  , T (X)   and
{+, . . . , (+n)} ⊂ Cal(X). Then d(X) .
Proof. First, as + ∈ Cal(X) implies (+, +, (2)+) ∈ Cal3(X), we conclude from
Corollary 1.2 that d(X) 2 = (+n) But then d(X) >  would mean that d(X)= (+i)
where 0 < i  n, hence by T (X)   and Lemma 0.1 we would have (+i) /∈ Cal(X), a
contradiction. ✷
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Note that if we have n= 1 in Theorem 1.3, i.e., if GCH holds at , then what we get is
the following.
Corollary 1.4. If 2 = +, moreover F(X)  , T (X)   and + ∈ Cal(X) then
d(X) .
Again, for  = ω, this yields the following interesting partial strengthening of [1,
Theorem 5.1]: If CH holds and X is Lindelöf with T (X) = ω and ω1 ∈ Cal(X) then X
is separable. It is an interesting open question whether or not this last statement remains
valid without CH?
Now we formulate one more interesting Corollary of Theorem 1.3.
Corollary 1.5. Assume that ℵω is strong limit, moreoverX is a space such that T (X)= ω,
F̂ (X) ℵω and ℵn ∈ Cal(X) for each n with 0 < n< ω. Then X is separable.
Proof. Let us first deal with the case in which F̂ (X) < ℵω, say F(X)=ℵk . Then we may
apply Theorem 1.3 with  = ℵk and first conclude that d(X) ℵk . But now we also have
ℵi ∈ Cal(X) for 1  i  k that, by Lemma 0.1, implies d(X) = ω because we now have
T (X)= ω as well.
Now let us assume that F̂ (X) = ℵω . Let H be the family of all those non-empty open
subsets H of X for which F̂ (
H)= F̂ (
U) is satisfied for every non-empty open subset U of
H . Clearly, every non-empty open subset G of X has a subset H ⊂G with F̂ (
H) minimal,
hence H ∈H (i.e., H is a π base of X).
Next, we show that F̂ (
H) < ℵω whenever H ∈H. Assume, indirectly, that F̂ (
H)=ℵω .
There is a sequence 〈Un: n ∈ ω〉 of non-empty open subsets of H with Un ∩ Um = ∅
if n = m. But then H ∈ H implies that, for every n ∈ ω, we have F̂ (
U) = ℵω > ℵn,
whenever U ⊂ Un, hence there is a free sequence Sn with |Sn| = ℵn and 
Sn ⊂ Un. But
then S =⋃{Sn: n ∈ ω} is clearly also a free sequence in X with |S| = ℵω, contradicting
F̂ (X)=ℵω.
To conclude the proof, let C be a maximal disjoint family of members of H. Since
ω1 ∈ Cal(X), C is countable, and by the first part of the proof we have d(
H)= d(H)= ω
whenever H ∈ H, because both T (
H) = ω and {ωn: n ∈ ω\{0}} ⊂ Cal(
H) are clearly
“inherited” by 
H from X. So X is separable because, as H is a π -base, ⋃C is dense in
X. ✷
Actually, the second part of the above proof can be avoided because, as it turns out,
F̂ (X)= ℵω cannot occur under the assumptions of Corollary 1.5, namely if ℵω, is strong
limit. Although this fact does not properly belong to the theme of this paper, we provide
a proof just for completeness. Before formulating the result, let us agree on the following:
for a space X we denote by L̂(X) the smallest cardinal κ such that every open cover of X
has a subcover of size less than κ .
Theorem 1.6. Assume λ > cf(λ)= ω and X is a (T3!) space such that if S ⊂X is a free
sequence with |S|< λ then L̂(
S) λ. Then F̂ (X) = λ.
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Proof. Assume that F̂ (X)  λ, we shall show that then F̂ (X) < λ. To see this, first note
that if 〈Kn: n ∈ ω〉 is any sequence of closed sets in X such that Kn ∩⋃{Km: m> n} = ∅
for every n ∈ ω then there is a µ < λ such that F̂ (Kn)  µ for all large enough n ∈ ω,
since otherwise we could easily “put together” a free sequence of size λ in X.
Next we show that for every point p ∈ X there is an open set U with p ∈ U such that
F̂ (
U) < λ. Indeed, assume that F̂ (
U)= λ whenever p ∈U .
We claim that for every µ< λ and for every open U with p ∈U there is a free sequence
S in 
U with |S| = µ, and p /∈
S. Indeed, let S0+˙S1 be any free sequence in 
U of order type
µ+˙µ, where +˙ denotes addition of order types. Then either p /∈
S0 or p /∈
S1.
Using this claim we define a sequence 〈Sn: n ∈ ω〉 of free sequences with |Sn| = λn ↗ λ
and a sequence of open sets 〈Un: n ∈ ω〉 such that 
Sn ⊂ Un, p /∈ Un and Un ∩
Sm = ∅ for
n <m.
If Sk , Uk have been defined for all k < n with these properties then p /∈⋃{
Uk: k < n},
and so we have an open neighbourhoodWn of p with 
Wn ∩⋃{
Uk: < n} = ∅. Now we can
choose a free sequence Sn with p /∈
Sn ⊂Wn and |Sn| = λn by the claim and then the open
setUn ⊂Wn with
Sn ⊂Un and p /∈ 
Un sinceX is T3. Now the sequence 〈Sn: n ∈ ω〉 clearly
satisfies 
Sn ∩⋃{
Sm: m> n} = ∅ for all n ∈ ω, and this is impossible by our introductory
remark.
Now, it follows immediately that actually there is a cardinal µ < λ such that for every
p ∈ X there is an open neighbourhood U with F̂ (
U)  µ. Indeed, otherwise we could
choose distinct points pn ∈X with F̂ (
U) > λn if pn ∈ U with U open, for all n ∈ ω. As X
is T3, we may assume that {pn: n ∈ ω} forms a discrete subspace in X, and so we may also
fix for each pn a neighbourhood Un so that {Un: n ∈ ω} is pairwise disjoint. Let us now
pick for every n ∈ ω a free sequence Sn in X with |Sn| = λn and 
Sn ⊂Un. Then we clearly
have 
Sn ∩⋃{
Sn: m> n} = ∅ for each n, contradicting again our introductory remark.
Let H be any closed set in X with F̂ (H)= λ and let S ⊂H be a free sequence, then
|S|< λ. Thus by our assumption we have L̂(
S) λ, hence 
S can be covered by a family U
of less than λ many open sets U with F̂ (
U) µ < λ for U ∈ U . Clearly this implies that
every free sequence in X that is contained in
⋃U has size at mostµ · |U |< λ, consequently
by F̂ (H)= λ we have F̂ (H\⋃U)= λ as well.
This fact allows us again to define inductively a sequence 〈Sn: n ∈ ω〉, where Sn is free
in X with |Sn| = λn for all n and also satisfying

Sn ∩
⋃{
Sm: m> n}= ∅
for all n ∈ ω, arriving at a contradiction as above. ✷
Let us note that if λ is strong limit then we have
L̂
(
S )w(
S )+  (2|S|)+ < λ
for any subset S of X with |S| < λ, hence the second condition of Theorem 1.6 holds
trivially.
Also, by an old result of Hajnal and Juhász (see [2, 4.3]), we can never have sˆ(X)= λ for
a singular cardinal λ of cofinality ω if X is T3, where of course sˆ(X) denotes the smallest
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cardinal κ such that X has no discrete subspace of size κ . The question if this also holds
for the cardinal function F instead of s remains open.
2. X is the union of “few” compact subspaces with no “long” free sequences
In this section we are going to prove two main theorems whose proofs, while similar to
each other, are quite different from that of Theorem 1.1. Both will use a caliber assumption
on a space X and an assumption that X is union of a “small” number of compact subspaces,
all without “long” free sequences, and conclude that the density of X is “small”. Of course,
in view of the equality of F and t for compact spaces, we could also formulate this by
saying that X is the union of a “small” number of compact subspaces of “small” tightness.
Now, the precise statements of the results read as follows.
Theorem 2.1. Assume that X =⋃{Cα: α ∈ κ} where Cα is compact and F̂ (Cα) κ for
each α ∈ κ , moreover κ ∈ Cal(X). Then d(X) < κ .
Theorem 2.2. Assume that ω < µ  κ and X =⋃C where |C| < κ and every C ∈ C is
compact with F̂ (C) µ, moreover (µ, κ) ∈ Cal2(X). Then d(X) < κ .
Before we can prove these results, we need to introduce a new concept that will turn out
to play an important role in producing free sequences.
Definition 2.3. Let X be a space and H ⊂ P(X) be any family of subsets of X. We say
that the sequence of pairs
⇀
s= 〈〈Uα,Vα〉: α ∈ η〉
is loose overH if the following two conditions are satisfied:
(i) Uα,Vα are non-empty open sets in X with 
Uα ∩ 
Vα = ∅ for every α < η;
(ii) if a, b ∈ [η]<ω with a < b and H ∈H are such that⋂
{Uα: α ∈ a} ∩
⋂
{Vβ : β ∈ b} ∩H = ∅
then for every γ with b < γ < η we have⋂
{Uα: α ∈ a} ∩
⋂
{Vβ : β ∈ b} ∩ Vγ ∩H = ∅
as well.
To shorten exposition, let us introduce here the following piece of notation: if a, b ∈
[η]<ω then
W(a,b)=
⋂
{Uα : α ∈ a} ∩
⋂
{Vβ : β ∈ b}.
Thus (ii) says that W(a,b)∩H = ∅ impliesW(a,b∪{γ })∩H = ∅ whenever a, b ∈ [η]<ω,
a < b < γ < η and H ∈H.
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Let us note that if ⇀s is loose over H then so is every subsequence of ⇀s , moreover ⇀s is
loose over any subfamily of H.
The following result tells us how we can obtain “long” loose sequences over appropriate
families of sets in a given space.
Lemma 2.4. Let X be a space andH⊂P(X) be a family of subsets of X.
(A) if |H|< d(X) then there is a loose sequence over H of length d(X);
(B) if, in addition, H ⊂ τ (X), i.e., all elements of H are open in X then |H| < π(X)
implies that there is a loose sequence over H of length π(X).
Proof. (A) We are going to define by transfinite recursion on α < d(X) non-empty open
sets Uα,Vα as follows. Assume that α < d(X) and ⇀sα= 〈〈Uβ,Vβ〉: β ∈ α〉 has been
defined already in such a way that ⇀s α is loose overH. Consider the family
Wα =
{
W(a,b)∩H : a, b ∈ [α]<ω and H ∈H}\{∅},
then clearly |Wα| < d(X). Therefore, we can find a non-empty open set Gα such that
W\Gα = ∅ for every W ∈ Wα . Since X is T3, we can choose two (non-empty) open
sets Uα,Wα such that Uα ⊂ 
Uα ⊂ 
Wα ⊂ Gα . Set Vα = X\ 
Wα , it is obvious then that
⇀
s α+1=⇀s α /〈Uα,Vα〉 will also be loose over H, hence ⇀s= 〈〈Uα,Vα〉: 〈α ∈ d(X)〉 is as
required.
(B) The proof in this case is the same as in case (A), the only difference being in noticing
that for each α < π(X) the family Wα will consist of open sets and so |Wα|< π(X) will
suffice to imply the existence of an open set Gα as above. ✷
The following easy result, that actually gives an alternative characterization of free
sequences, will be used to produce free sequences from appropriate loose ones.
Lemma 2.5. Let X be any space (T3 is not used here!) and 〈pα : α ∈ η〉 be a sequence of
points of X. Then the following statements (1) and (2) are equivalent:
(1) 〈pα : α ∈ η〉 is a free sequence in X;
(2) there is a sequence 〈〈Kα,Lα〉: α ∈ η〉 of pairs of disjoint closed sets X such that
pα ∈
⋂
{Kξ : ξ  α} ∩
⋂
{Lξ : α < ξ < η}
for all α ∈ η.
Proof. If 〈pα : α ∈ η〉 is free then clearly (2) will be satisfied with Kα = {pξ : ξ  α} and
Lα = {pξ : ξ < α}.
In the other direction, if 〈pα : α ∈ η〉 and 〈〈Kα,Lα〉: α ∈ η〉 satisfy (2) then for every
α ∈ η we have {pξ : ξ < α} ⊂ Lα and {pξ : ξ  α} ⊂ Kα , hence 〈pα : α ∈ η〉 is free in
X. ✷
Next we first give the proof of Theorem 2.2.
Proof of Theorem 2.2. Assume, indirectly, that κ  d(X), then Lemma 2.4(A) implies the
existence of a sequence ⇀s= 〈〈Uα,Vα〉: α ∈ κ〉 that is loose over C . Since 〈µ,κ〉 ∈ Cal2(X),
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there is a set I ∈ [κ]µ with tp(I) = µ such that ⋂{Uα: α ∈ I } = ∅, hence as X =⋃C ,
there is some C ∈ C with⋂
{Uα: α ∈ I } ∩C = ∅
as well.
Now ⇀s restricted to I is loose over {C} and clearly for every a ∈ [I ]<ω we have⋂
{Uα: α ∈ a} ∩C = ∅.
Consequently, an easy induction yields that if a, b ∈ [I ]<ω with a < b then
W(a,b)∩C = ∅.
Since C is compact, this clearly implies that for every α ∈ I we have⋂{
Uξ : ξ ∈ (α + 1)∩ I} ∩ {
Vξ : ξ ∈ I\(α + 1)}∩C = ∅,
hence applying Lemma 2.5 to the sequence〈〈
Uα ∩C, 
Vα ∩C〉: α ∈ I 〉
we get a free sequence of length tp(I)= µ in C, contradicting F̂ (C) µ. ✷
Note that if X is compact with F̂ (X)  µ, i.e., we can have C = {X} is Theorem 2.2,
then Lemma 2.4(B) can be applied in the above proof, hence we get the following result
that strengthens Šapirovskiı˘’s result mentioned in the introduction:
Corollary 2.6. If X is compact, F̂ (X) µ, and (µ, κ) ∈ Cal2(X) then π(X) < κ .
Now, to prove Theorem 2.1, we actually need a slight technical variation of the notion
of a loose sequence.
Definition 2.7. Assume that H = {Hα: α ∈ η} ⊂ P(X). We say that the sequence
〈〈Uα,Vα〉: α ∈ η〉 is weakly loose overH if the following two conditions are satisfied:
(i) Uα,Vα are non-empty open sets in X and 
Uα ∩ 
Vα = ∅ for α ∈ η;
(ii′) if a, b ∈ [η]<ω and δ ∈ η with a < b < δ satisfy
W(a,b)∩Hδ = ∅
then for every γ with δ < γ < η we have
W
(
a, b ∪ {γ })∩Hδ = ∅
as well.
We can now formulate a lemma that corresponds to Lemma 2.4 for weakly loose
sequences.
Lemma 2.8.
(A) If κ  d(X) and H = {Hα: α ∈ κ} ⊂ P(X) then there is a weakly loose sequence
of length κ over H.
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(B) If κ  π(X) andH= {Hα: α ∈ κ} ⊂ τ (X) then there is a weakly loose sequence of
length κ over H.
Proof. The proof is almost the same as that of Lemma 2.4, only the definition ofWα needs
to be modified in it as follows:
Wα =
{
W(a,b)∩Hδ: a, b ∈ [α]<ω and δ < α
}\{∅}. ✷
Now, the proof of Theorem 2.1 is again quite similar to that of Theorem 2.2, the
difference is in using weakly loose sequences instead of loose ones.
Proof of Theorem 2.1. Assume κ  d(X). Apply Lemma 2.8(A) to get a weakly loose
sequence ⇀s= 〈〈Uα,Vα〉: α ∈ κ〉 over {Cα: α ∈ κ}. Since κ ∈ Cal(X), there is a set I ∈ [κ]κ
and an ordinal δ ∈ κ such that δ < I and ⋂{Uα: α ∈ I } ∩Cδ = ∅.
The compactness of Cδ together with the fact that ⇀s is weakly loose over {Cα : α ∈ κ}
now easily imply that⋂{
Uξ : ξ ∈ I ∩ (α + 1)}∩
⋂{
Vξ : ξ ∈ I\(α + 1)}∩Cδ = ∅
for all α ∈ I . Thus Lemma 2.5 applied to the sequence〈〈
Uα ∩Cδ, 
Vα ∩Cδ 〉: α ∈ I 〉
gives us a free sequence of length κ in Cδ , a contradiction. ✷
Perhaps the most interesting particular case of Theorem 2.1 is the following: If X is
the union at most ω1 compact subsets of countable tightness and ω1 ∈ Cal(X) then X is
separable. This result seems to be new even for the case in which X is σ -compact and
countably tight.
Now we formulate a result that on one hand generalizes this last observation, and on the
other relates to Theorem 2.1 in the same way as Theorem 1.3 does to Theorem 1.1.
Theorem 2.9. Let X be a space and  be a cardinal such that T (X)  , and n > 0 be
a natural number such that X =⋃C with |C|  (+n), where each C ∈ C is compact,
moreover (+i) ∈ Cal(X) whenever 0 < i  n. Then d(X) .
Proof. First, note that for every C ∈ C we have
F̂ (C) t (C)+ = T (C)+  +  (+n),
hence Theorem 2.1 can be applied with κ = (+n) to conclude that d(X) < (+n). But
then from T (X)  and (+i) ∈ Cal(X) for 0 < i < n it follows, just like in the proof of
Theorem 1.3, that d(X) . ✷
Finally, we shall give an example which shows that the results of this section cannot
be strengthened in the direction of Corollary 2.6, i.e., we cannot replace in them d(X) by
π(X) or even by δ(X). Let us recall that
δ(X)= sup{d(Y ): 
Y =X},
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hence one clearly has
d(X) δ(X) π(X)
for any space X.
Example 2.10. There is a space X which is the union of countably many compact sets of
countable tightness, moreover X is separable, consequently every κ with cf(κ) > ω is a
caliber of X, but X has a dense subspace Y with d(Y )= δ(X)= c= 2ω.
Indeed, let S be a countable dense subset of the Cantor cube 2c and let Y be the σ -
product in 2c, i.e.,
Y = {y ∈ 2c: ∣∣{α: y(α)= 1}∣∣<ω}.
Then Y =⋃{Yn: n ∈ ω}, where
Yn =
{
y ∈ 2c: ∣∣{α: y(α)= 1}∣∣ n}
is both compact and countably tight. Consequently the space X = S ∪ Y , as a subspace of
2c, is clearly as required.
Of course, if we only want an example with π(X) > ω then a countable space with
uncountable π -weight will do. Let us also remark that if X itself has countable tightness
then its separability, i.e., d(X)= ω, implies δ(X)= ω.
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